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Abstract 



We analyze the quantum properties of the light generated by a three-level laser with a 
closed cavity and coupled to a vacuum reservoir. The three-level atoms available in the cavity 
are pumped from the bottom to the top level by means of electron bombardment and we 
^ ' carry out our analysis by putting the noise operators associated with the vacuum reservoir 

. in normal order. The maximum quadrature squeezing of the light generated by the laser, 

operating far below threshold, is found to be 50% below the coherent-state level. We have also 
established that the quadrature squeezing of the output light is equal to that of the cavity light 
and has the same value in any frequency interval. This implies that the quadrature squeezing 
, of the laser light is an intrinsic property of the individual photons. 

\ Keywords: Stimulated emission, Photon statistics, Quadrature squeezing, Noiseless 

vacuum reservoir 



1. Introduction 



^ . A three-level laser is a quantum optical system in which light is generated by three-level atoms 
\ inside a cavity usually coupled to a vacuum reservoir. In one model of a such laser, three-level 
atoms initially prepared in a coherent superposition of the top and bottom levels are injected into 
a cavity and then removed after they have decayed due to spontaneous emission [1,2] . In another 
model, the top and bottom levels of the three-level atoms injected into a cavity are coupled by 
coherent light [3,4] . The statistical and squeezing properties of the light generated by three-level 
lasers have been investigated by several authors [5-11]. It is found that a three-level laser in 
either model generates squeezed light under certain conditions. It appears to be quite difficult 
to prepare the atoms in a coherent superposition of the top and bottom levels before they are 
injected into the laser cavity. In addition, it should certainly be hard to find out that the atoms 
have decayed spontaneously before they are removed from the cavity. On the other hand, the 
degree of squeezing of the light generated by the three-level laser, with the top and bottom levels 
coupled by coherent light, is relatively large when the mean photon number is relatively small 
[4]. 
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Moreover, the quantum analysis of a three-level laser is usually carried out by including the in- 
teraction of the atoms inside the cavity with the vacuum reservoir outside the cavity. It may be 
possible to justify the feasibility of such interaction for a laser with an open cavity into which 
and from which atoms are injected and removed. However, there cannot be any valid justifica- 
tion for leaving open the laser cavity in which the available atoms are pumped to the top level 
by electron bombardment. Therefore, the aforementioned interaction is not feasible for a laser 
in which the atoms available in a closed cavity are pumped to the top level by means of electron 
bombardment. 

We seek here to analyze the quantum properties of the light emitted by the three-level atoms 
available in a closed cavity and pumped to the top level at a constant rate. Thus taking into 
account the interaction of the three-level atoms with a resonant cavity light and the damping of 
the cavity light by a vacuum reservoir, we obtain the photon statistics of the cavity light and the 
quadrature squeezing of the cavity (output) light. We also determine the quadrature squeezing 
of the cavity (output) light in any frequency interval. We carry out our calculation by putting the 
noise operators associated with the vacuum reservoir in normal order and without considering 
the interaction of the three-level atoms with the vacuum reservoir outside the cavity. 



2. Operator dynamics 

We consider here the case in which N degenerate three-level atoms in cascade configuration are 
available in a closed cavity. We denote the top, middle, and bottom levels of these atoms by |a)fe, 
\b)k, and \c)k, respectively. In addition, we assume the cavity mode to be at resonance with the 
two transitions \a)k \b)k and \b)k — )• \c)k, with direct transition between levels \a)k and \c)k to 
be dipole forbidden. The interaction of one of the three-level atoms with the cavity mode can be 
described at resonance by the Hamiltonian 



H = ig 

where 



(at' + al')b - b^a', + at 



(1) 



^^a = \b)k k{a\ (2) 

and 

a^ = \c)kk{b\ (3) 

are lowering atomic operators, b is the annihilation operator for the cavity mode, and g is the 
coupling constant between the atom and the cavity mode. We assume that the laser cavity is 
coupled to a vacuum reservoir via a single-port mirror. In addition, we carry out our calculation 
by putting the noise operators associated with the vacuum reservoir in normal order. Thus the 
noise operators will not have any effect on the dynamics of the cavity mode operators. We can 
therefore drop the noise operator and write the quantum Langevin equation for the operator b as 

§-~i-HiM (4) 
where k is the cavity damping constant. Then with the aid of Eq. {TJ, we easily find 



Furthermore, applying the relation 



l{A) = -i{[A,H]) (6) 
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along with Eq. (TJ, one can readily establish that 



dt 
d 



-{al) = g{th) - givfb) - g{b^a',), (8) 



^M)=9{^i'b)+g{{b^a'j, (9) 



dt 



|(%') = gi^l'b) - g{alH) + g{b^al) - g{b^a'j, (10) 



YM) = -9{4''b)-9{b^al), (11) 



dt 



where 



^c=\c)kk{a\, (12) 

'?a = l«>fc fc(a|> (13) 

tb=\b)kk{bl (14) 

Vc = \c)kk{c\. (15) 



We see that Eqs. Q-imj are nonlinear differential equations and hence it is not possible to find 
exact time -dependent solutions of these equations. We intend to overcome this problem by ap- 
plying the large-time approximation [12]. Then using this approximation scheme, we get from 
Eq. ^ the approximately valid relation 

b = -^{a': + a',). (16) 

K 

Evidently, this turns out to be an exact relation at steady state. Now introducing Eq. |[T6| into 
Eqs. 0-lIIIJ, weget 



^^a'> = -7c(^a'>, (17) 



dt 

j^{^'t) = -^{^'t)+7M), (18) 

\fa) = -lc{fa). (19) 



where 



dt 

j^{vl) = -lM)+lc{t). (20) 
j^{t)=lM), (21) 

7c = — . (22) 

We prefer to call the parameter defined by Eq. ||22]l the stimulated emission decay constant. 

The three-level atoms available in the cavity are pumped from the bottom to the top level by 
means of electron bombardment. The pumping process must surely affect the dynamics of (t)^') 
and {fjl). If Ta represents the rate at which a single atom is pumped from the bottom to the top 
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level, then (t)^) increases at the rate of ra{fi'^) and {fj^) decreases at the same rate. In view of this, 
we rewrite Eqs. HH and lHU as 

j^{fl'a) = -lc{fj1)+rM) (23) 



and 

'^-{t) = lM)-ra{t)- (24) 



dt 

We next sum Eqs. (13, (181, (201, (23), and (24ll over the N three-level atoms, so that 

37(W'a) = -Icirha), (25) 
at 

^(mfc) = -y (mfo) + 7c(ma), (26) 

^(Na) = -lc{Na) + ra{N,), (27) 

= -7cW+7,(iV,), (28) 

^m=^,{Nk)-ram, (29) 



in which 



dt 

N 



(30) 

fc=i 

N 

mb = Y,^t (31) 



k=l 
N 



k=l 

N 



Na = Y.t, (32) 

k=l 

N 

Nk = J2t, (33) 



k=l 
N 



Nc = Y.t, (34) 



A;=l 

with the operators Na, N^, and Nc representing the number of atoms in the top, middle, and 
bottom levels. In addition, employing the completeness relation 

Va+Vb+Vc=I, (35) 

we easily arrive at 

{Na) + {Nb) + {N,) = N. (36) 
Furthermore, using the definition given by (Sot and setting for any k 

^a = \b){al (37) 

we have 

ma = N\b){a\. (38) 
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Following the same procedure, one can also check that 



mi, = N\c){b\, 


(39) 


rhc = N\c){a\, 


(.4UJ 


Na = N\a){a\, 


(41) 


Nb = N\h){b\, 


(42) 


Nc = N\c){cl 


(43) 


N 






(44) 


k=l 





where 



Moreover, using the definition 

rh = rha + m;, (45) 
and taking into account Eqs. ll38|-ll43|, it can be readily established that 

m^m = N{Na + Nb), (46) 

mm^ = N{Nb + Nc), (47) 
rh^ = Nrhc- (48) 

In the presence of N three-level atoms, we rewrite Eq. ^ as 

| = -f6 + An., (49) 

in which A is a constant whose value remains to be fixed. Applying the steady-state solution of 
Eq. ||5|, we get 

[b:b% = ^{f,-f,',) (50) 

K 

and on summing over all atoms, we have 

[b,b^] = -{N,-Na), (51) 

where 

N 

[b,b^] = Y,[b,b% (52) 

k=i 

stands for the commutator of b and b^ when the cavity mode is interacting with all the N three- 
level atoms. On the other hand, using the steady-state solution of Eq. | [49l l. one can easily verify 
that ^ 

=Ar(^^^ {N,-Na). (53) 
Thus on account of Eqs. l IsTI l and i53[ . we see that 

A = ±^ (54) 



and in view of this result, Eq. HD can be written as 



— = 6 H r=m. (55) 

dt 2 ^ 
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3. Photon statistics 



We next seek to calculate the mean and variance of the photon number at steady state. However, 
we need first to establish several important relations. Hence with the aid of ll36|, one can put Eq. 
| [27l l in the form 

j^{Na) = -(7c + ra){Na) + ra{N - {Nf,)) (56) 
and application of the large-time approximation scheme to Eq. I128J yields 

{Nb) = {Na). (57) 
Thus on taking into account this result, we find the steady-state solution of Eq. ll56| to be 

We also notice that at steady state Eq. dZTl leads to 

(AT,) = ^{Na). (59) 

We now proceed to calculate the expectation value of the atomic operator rhc. We assume that 
the state vector of a three-level atom, put in the form 

\^)k = Ca\a)k + Cb\b)k + Cc\c)k, (60) 

can be used to determine the expectation value of an atomic operator formed by a pair of iden- 
tical energy levels or by two distinct energy levels between which transition with the emission of 
a photon is dipole forbidden. One can thus readily establish that 

CaC: = (C), (61) 

CcC: = (C>, (62) 

and 

{a',) = CaCl (63) 
In order to have a mathematically manageable analysis, we take (ct^) to be real, so that 

CaCt = CIC (64) 

and on subtracting CaCc from both sides of this equation, we have 

Ca(C*-Ce) + C,(Ca-C7:)=0. (65) 

Hence for all possible values of Ca and Cc, we see that 

CI = Ca (66) 

and 

= Cc. (67) 
Now on account of (EB and ll62l together with fBUl and ll67|, Eq. ll63l takes the form 



i^c) = 4mm- (68) 



Finally on summing over k from 1 up to and taking into account Eqs. | |32] | and | |34l l, we have 



{mc) = ^J{Na){N,). (69) 
Furthermore, adding Eqs. l|25l and ll26|, we have 

^{rri) = -^Icim) + ^7c(?«a>- (70) 

In order to include the effect of the pumping process, we rewrite this equation as 

dm 1^1^-,, 

— = --^j.m + -fima + Fjn{t), (71) 

in which Fm (t ) is a noise operator with vanishing mean and is a parameter whose value remains 
to be determined. Employing the relation 

^ / - 1 - \ / dm^ „ \ / i dm \ 

— { m'm) = { — ; — m ) + ( m' —— ), (72) 
dt\ / \ dt / \ dt /' 

along with Eq. fzB . we easily find 

d 



^^{m^m) = -^x{m^m) + fi{mlma) + {F^{t)m) + {m^Fmit)), (73) 



from which follows 



d 



^^{Na + N,) = -M(iV„ + N,) + f^iNa) + ^{Fiit)m) + L{rh^ F„,it)). 
On the other hand, on account of Eqs. IZT) and ll28l, we see that 



This can be rewritten as 



(74) 



j^{Na + Nb) = -lc{Nb) + raiN,). (75) 



^ {Na + Nb) = - (7c + 2ra){Na + iVfe) + (7, + 2ra){Na) + raN. (76) 
Hence comparison of Eqs. d} and ll76l shows that 

M = 7c + 2r„ (77) 

and 

(F^(t)m) + (mtF„(f)) = raN\ (78) 
We observe that Eq. Il78| is equivalent to 

{Fl{t)Fm{t')) = raN^6{t - t'). (79) 

Upon casting Eq. ll25ll into the form 

^rha = -^fJ-rha + Fa{t), (80) 

one can also easily verify that fi has the value given by l ITTl l and 

{Fl{t)Fa{t')) = raNH{t - t'). (81) 



With the atoms considered to be initially in the bottom level, the expectation value of the solution 
of Eq. llHOj happens to be 

{ma{t)) = 0. (82) 
Then on account of this result, the expectation value of the solution of Eq. llTD turns out to be 

{m{t)) = 0. (83) 

On the other hand, the expectation value of the solution of Eq. ||5nil is expressible as 

vN Jo 



Now in view of Eq. l|83ll and the assumption that the cavity light is initially in a vacuum state, Eq. 
mil goes over into 

im) = 0. (85) 

We observe on the basis of Eqs. | |^ and l|85) that 6 is a Gaussian variable with zero mean. The 
steady-state solution of Eq. l|55ll is given by 

b = -^^m. (86) 



Now using Eq. | [86l l along with | [46l l. the mean photon number of the cavity light is expressible as 

(^t&) = ^(^(iV,) + (iV,)). (87) 

It proves to be convenient to refer to the regime of laser operation with more atoms in the top 
level than in the bottom level as above threshold, the regime of laser operation with equal num- 
ber of atoms in the top and bottom levels as threshold, and the regime of laser operation with 
less atoms in the top level than in the bottom level as below threshold. Thus according to Eq. 
l l59] l for the laser operating above threshold 7c < r^, for the laser operating at threshold 7c = Tq, 
and for the laser operating below threshold 7c > r^. We note that for the laser operating well 
above threshold, Eq. ll87ll reduces to 

n = —N (88) 
and for the laser operating at threshold, we find 

n = "^N, (89) 

in which n = (b^b). 

The variance of the photon number for the cavity light is expressible as 

(Anf = {b^bb^b) - {b^bf (90) 
and using the fact that Ms a Gaussian variable with zero mean , we readily get 

{Anf = {b^b){bb'^) + {b'^^){P). (91) 
Employing once more Eq. |[86| and taking into account we find 



(66t) = |i(^(iV,) + (iVc) 



(92) 
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In addition, taking into account | [59l l, one can express Eq. | [69l l in the form 



(me) = J^{Na). (93) 

V fa 

Hence with the aid of Eqs. He), GH), and I193J, we easily get 

{P) = ^.l^{Na). (94) 
Now on account of Eqs. HU, ll92ll, and lEU along with ||5Z1 and I159J, we arrive at 

(An)2 = in2(2r/ + r/ + 2), (95) 
with r] = -yc/ra- We then see that for the laser operating well above threshold 

(Anf = ^n^, (96) 
where n is given by Eq. |[88|. And for the laser operating at threshold, we get 

{Anf = ^n^ (97) 

in which n given by Eq. (89l . 



4. Quadrature squeezing 

In this section we wish to calculate the quadrature squeezing of the cavity and output light in any 
frequency interval. 

4.1 Global quadrature squeezing 

The squeezing properties of the cavity light are described by two quadrature operators defined 
by 

b+ = b^ + b (98) 

and 

L =i{P -b). (99) 



It can be readily established that 



[b^,b+]=2i^{Na-N,). (100) 



It then follows that 

7c 



(Na) - (Nc) 



(101) 



The variance of the quadrature operators is expressible as 

(A6±)2 = ±{p±bf)^[{b^)±{b)f, (102) 
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so that on account of ll85j, we have 

Now employing llHzl, ll92ll, and lEH, we arrive at 



K \ V r„ 



and 



1^ \ V fn 



(103) 



(104) 



(105) 



We recall that the light generated by a two-level laser operating well above threshold is coherent, 
the quadrature variance of which is given by [12] 



K 



(106) 



We calculate the quadrature squeezing of the cavity (output) light relative to the quadrature vari- 
ance of the cavity (output) coherent light. We then define the quadrature squeezing of the cavity 
light by 

(A6±)2 - (A6_)2 



S 



Hence employing I I105I I, I I106I I. and ijEB), one can put Eq. I I107I I in the form 



S 



r/ + 2 



(107) 



(108) 



We observe that, unlike the mean photon number, the quadrature squeezing does not depend 




Fig. 1 A plot of Eq. 11081 versus rj. 



on the number of atoms. This implies that the quadrature squeezing of the cavity light is inde- 
pendent of the number of photons. The plot in Fig. 1 shows that the maximum squeezing of the 
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cavity light is 50 % below the coherent-state level and this occurs when the three-level laser is 
operating below threshold at 7c = 4ra. 

On the other hand, we define the quadrature squeezing of the output light by 

gout _ im^'fc - (A6-^)^ 

^ - iKb^^ ' ^^"^^ 

where (A6^"*)^ is the quadrature variance of the output coherent light. Since all calculations in 
this analysis are carried out by putting the vacuum noise operators in normal order, one can 
write 

5°"* = ^b. (110) 

We then easily see that 

{Ab'^')l = k(A6±)2 (111) 

and 

(A5°"*)2 = k(A6_)2. (112) 
Now in view of Eqs. QOD, l llllll . II112II . and I I107I I. we arrive at 

5°"* = S. (113) 

We observe that the quadrature squeezing of the output light is equal to that of the cavity light. 



4.2 Local quadrature squeezing 

We finally seek to obtain the quadrature squeezing of the cavity (output) light in a given fre- 
quency interval. To this end, we first determine the spectrum of quadrature fluctuations of the 
cavity light. We define this spectrum for a single-mode light with central frequency loq by 

S±{oj) = -Re (b±{t),b±{t + T)) e^(^-"°)^(ir. (114) 

IT Jo \ / ss 

Upon integrating both sides of Eq. II114I I over u, we get 

/oo 
S±{uj)doj = (A6±)2, (115) 
-oo 

in which 

{Ab±f = {b±{t),b±{t))ss (116) 

is the quadrature variance of the light mode at steady state. On the basis of the result given by 
Eq. II1151 I. we assert that S±{uj)duj is the steady- state quadrature variance of the light mode in the 
interval between to and u + duj. In view of Eq. dSS), we note that 

{b±{t), b±{t + r)) = {b±{t)b±{t + r)). (117) 

We now proceed to determine the two-time correlation function that appears in Eq. I I117II for the 
cavity light. To this end, we realize that the solution of Eq. |[55]l can also be written as 

b{t + t) = 5(t)e-""/2 + -^e-^^/^ r e'^^'/^mit + T')dT' . (118) 
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On the other hand, the solution of Eq. llTTJ is expressible as 



Applying the large-time approximation scheme to Eq. ll80|, we get 

2 - 

"ia(i + T) = -Fa(t + r), 



so that on introducing this into Eq. I I119I I, there follows 
Now combination of Eqs. I I118I I and I I121I I yields 



6(t + r) = 6(t)e 



-kt/2 



+ 



2gm(t) 



H 



X dr"e^-"/2 + r") + F^{t + r")) . 

Hence using this result, we readily arrive at 



2g 



Applying once more the large-time approximation, one gets from Eq. ll55l 



m{t) = -^m- 

With this substituted into Eq. II123II . there emerges 

\K — fl K — ^ 

Following a similar procedure, one can also readily establish that 



and 



{b{t)b\t + T)) = mb\t)){^e-^^/' 

K — fx 



{bmt+T)) = {b\t))i ^^e-^^i-" 



K — fJ, 



-kt/2 



H — fJ- K — fj, 

Therefore, on account of Eqs. II125I I. II126I I. and II127I I. there follows 



{b±it),b±{t + T)),s = iAb±) 



_J^e-Mr/2 _ 

H — fl K — fji 



(119) 



(120) 



(121) 



(122) 



(123) 



(124) 



(125) 



(126) 



(127) 



(128) 



Now on introducing Eq. II128I I into Eq. II114II and carrying out the integration, we find the spec- 
trum of the minus quadrature fluctuations for the cavity light to be 



K — n \ {oj — ojq)^ + / K — fj,\{u} — LOo)^ + [k/2] 



K/27r 



(129) 
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in which (A6_)^ is given by I I105I I. 

We realize that the variance of the minus quadrature in the interval between w' = — A and uj' = \ 
is expressible as 

{Ab-)lx = j S-{J)dJ, (130) 
in which uj' = uj - ujq. Hence taking into account Eq. I I129I I. we readily get 

(A6_)|;, = z(A)(A6_)2, (131) 

where z(A) is given by 

z{\) = — '—tan'^ — ^tan"^ — • (132) 

K — \ fJ- J K — fJ. V'^/ 

On account of the result described by I I131I I, the quadrature variance of the output coherent light 
can be written in the same frequency interval as 

(A6±)2^, = z(A)(A6±)2. (133) 

We define the quadrature squeezing of the cavity light in the A± frequency interval by 

(Ab^)g^, - (Ab-)L 

so that on account of I I131I I. II133II . and I I107I I. there follows 

S±x = S. (135) 

This shows that the quadrature squeezing of the cavity light in a given frequency interval is equal 
to that of the cavity light in the entire frequency interval. 

Finally, defining the quadrature squeezing of the output light in the aforementioned frequency 
interval by 

S« = l^j^^ <136) 

and taking into account the fact that 

{Abr?c±x = z{X){Abr)c (137) 

and 



(A6T)±A = z{\){AbT), (138) 
we arrive at 



gout ^ gout_ ^39) 



We see that the quadrature squeezing of the output light in a certain frequency interval is the 
same as that of the output light in the entire frequency interval. 
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7. Conclusion 



We have considered a three-level laser in which the three-level atoms available in a closed cavity 
are pumped from the bottom to the top level by means of electron bombardment. We have 
carried out our analysis by putting the vacuum noise operators in normal order and applying 
the large-time approximation scheme. The procedure of normal ordering the noise operators 
renders the vacuum reservoir to be a noiseless physical entity. We maintain the standpoint that 
the notion of a noiseless vacuum reservoir would turn out to be compatible with observation. 
Based on the definition given by Eq. ll22l l. we infer that an atom in the top or middle level and 
inside a closed cavity emits a photon due to its interaction with the cavity light. We certainly 
identify this process to be stimulated emission. 

We have seen that the light generated by the three-level laser operating under the condition 
7c > \ra is in a squeezed state, with the maximum quadrature squeezing being 50% below 
the coherent-state level. This occurs when the three-level laser is operating below threshold at 
7c = 4ra. We have also established that the quadrature squeezing of the laser light has the same 
value in any frequency interval. On the basis of this result, we come to the conclusion that the 
quadrature squeezing of the laser light is an intrinsic property of the individual photons. 
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